Let F 1 , . . . , F k be finite fields with distinct characteristics. We give a finite set of equations which axiomatize the equational theory of F 1 , . . . , F k and then use these axioms to find a finite AC-term rewrite system which is complete for this theory. In particular this gives finite complete AC-term rewrite systems for many instances of x m ≈ x rings. However there are m for which no such term rewrite system existsthe smallest is m = 22.
(1 ≤ i ≤ k) is the equational theory of F 1 , . . . , F k . Assume the respective sizes of these fields are q 1 > · · · > q k , let c = p 1 · · · p k , and let n be such that n − 1 is the least common multiple of q 1 − 1, . . . , q k − 1.
LEMMA 1.1
The equational theory of F 1 , . . . , F k is axiomatized by the axioms for rings plus
Proof. Clearly these equations are satisfied by F 1 , . . . , F k as F i satisfies p i ≈ 0 and x q i ≈ x (1 ≤ i ≤ k). Now if F is a finite field satisfying these equations then the characteristic of F divides c since c ≈ 0 holds, so the characteristic is some p i (1 ≤ i ≤ k). Next, F satisfies c p i x q i ≈ c p i x implies F satisfies x q i ≈ x, so F embeds in F i . Thus we have proved that the fields satisfying (1) are the subfields of F 1 , . . . , F k . By a result of Jacobson [3] we know that a ring equation follows from (1) iff it holds on the finite fields satisfying (1). Consequently we have found axioms for the equational theory of F 1 , . . . , F k .
In the following when we refer to polynomial we mean an element of Z[X], where X is an infinite set of commuting variables. Since we are working in the language +, ·, −, 0, 1 of rings, we really mean that for n > 0 the constant monomial n is an abbreviation for 1 + · · · + 1, and the expression nA means A + · · · + A (in both cases the number of summands is n). Given a monomial
l we define vdeg(M ) to be the maximum of s 1 , . . . , s l . If P is a polynomial define vdeg(P ) to be the largest vdeg(M ) for M a monomial in P . LEMMA 1.2 If F is a finite field of characteristic p and size q, and if A and B are two polynomials such that vdeg(A) and vdeg(B) are less than q, then A ≈ B holds on F iff the corresponding coefficients are congruent modulo p.
Proof. Since F satisfies p ≈ 0, the direction (⇐) is clear. The direction (⇒) is a straight forward induction on the number of variables appearing in the equation. For one variable the result follows from the fact that x q − x is the minimal polynomial of F. Now for the induction step suppose that the claim is true for any polynomials A and B with fewer than n variables. Let A(x 1 , . . . , x n ) and B(x 1 , . . . , x n ) be equal on F, and suppose both have vdeg less than q. The corresponding coefficients are congruent modulo p iff the coefficients of A − B (considered as a polynomial) are congruent to 0 modulo p. Writing A − B in the form
we see that it suffices to show that each of the polynomials C i (x 1 , . . . , x n−1 ) vanishes on F -for then by induction all the coefficients of each C i will be congruent to 0 modulo p, and hence the same is true of the coefficients of A − B. We proceed by assuming some C i does not vanish on F. Then one can choose elements a from F such that not all C i vanish at a. Substituting this into (2) gives the one-variable polynomial
with coefficients in F, and not all coefficients are 0. As this is a non-zero polynomial of degree at most q − 1 it follows that it can have at most q − 1 roots in F, and consequently cannot vanish on F. With this contradiction we have proved the lemma. Now we turn to the rewrite rules. Define
(where [ ] c means to reduce modulo c to a non-negative value less than c),
The following AC-term rewrite rules are complete for the equational theory of F 1 , . . . , F k :
R0:
For those j such that q i − 1|q j − 1 for i ≥ j we can replace S j and T j by the following particularly simple rewrite rules:
This always applies to j = k.
and thus
This leads to
Now from
we have
holds in F; and hence so does the equation
Thus the proposed rewrite rules correspond to valid equations in F 1 , . . . , F k . Now observe that the rules in S j and T j are degree decreasing. Consequently the proposed set of rewrite rules is terminating, and any term t(x 1 , . . . , x n ) can be reduced to a normal form
where each A i is a polynomial; and furthermore if A i = 0 i. the monomials M in A i satisfy
It only remains to show that two AC-distinct normal forms are not equivalent on F 1 , . . . , F k . So suppose A i and B i are two normal forms with To see that one can use the simple forms S j and T j when q i−1 |q j−1 for i ≥ j, we only need to observe that a j x q j ≈ a j x holds on the fields F 1 , . . . , F j−1 because their characteristics divide a j , and on the fields F j , . . . , F k because they satisfy x q j ≈ x (since q i−1 |q j−1 implies
Thus we have not only found a finite and complete AC-term rewriting system for the equational theory of F 1 , . . . , F k , but we have also given an explicit description of the normal forms.
2 Examples.
Rings satisfying x
p ≈ x and p ≈ 0, where p is a prime. By Lemma 1.2 these equations, along with defining equations for rings, axiomatize the equational theory of GF(p). Thus k = 1, p 1 = p, q 1 = p, c = p, a 1 = 1. Hence the AC-term rewrite rules are R0-R4 plus
The equational theory of x m ≈ x rings, for m > 1, is given by the equational theory of the finite fields F satisfying x m ≈ x, i.e., by those finite fields such that |F| − 1 divides m − 1, where |F| is the cardinality of F. (As noted by Zhang [6] , if m is even only one characteristic appears, namely 2; so for even m we need the fields GF(2 k ) such that 2 k − 1 divides m − 1). Our rewrite rules will thus apply to those m such that for each characteristic p of a field satisfying x m ≈ x there is a largest field (under embedding) of characteristic p which satisfies x m ≈ x. It turns out that for approximately 94% of the m < 100, 000 we have this situation. The only exceptions for m < 1, 000 are : The rules R0-R4 are to be added to each of the following: m = 2, 6 (Boolean rings)
We note that the only m in the examples above for which the q i − 1 are not linearly ordered by divisibility is m = 7; hence the need for S 2 , T 2 . For the other m above we use the simple rewrite rules S j and T j .
Concluding Remarks.
We thought we could use the methods of this paper on any finite collection of finite fields. However the obvious attempt to generalize Lemma 1.2 fails. One can see the problem quite clearly if one considers the two fields GF(4) and GF(8) (this is precisely the set of maximal fields satisfying x 22 ≈ x). The minimum polynomial for these two fields is the least common multiple of x 4 + x and
(along with R0-R4) suffices to reduce every polynomial in one variable to a polynomial of degree less than 10, and hence to the desired normal form as the minimum polynomial has degree 10. Now applying this rule to two variable polynomials would give 2 10 2 distinct normal forms. However the free algebra in the variety generated by these two fields has size 2 76 , and thus we need more AC-term rewrite rules. As there are no degree reducing one variable AC-term rewrite rules which apply to polynomials of degree less than 10 we are forced to look for two variable AC-term rewrite rules. From the fact that (x 8 + x)(y 4 + y) vanishes on both fields we obtain the rule
which reduces the number of normal forms to 2 80 . Having approached this close to the desired result, we now claim that there is no set of AC-term rewrite rules for x 22 ≈ x. Our justification hinges on the consideration of what the normal form q(x, y) of the polynomial p(x, y) defined to be x 8 y 2 + x 8 y + x 2 y could be. Since p(x, y) ≈ p(y, x) is a consequence of x 22 ≈ x and since p(x, y) is not AC-equivalent to p(y, x) it follows that p(x, y) cannot be in normal form. Suppose q(x, y) is the normal form of p(x, y) using some AC-term rewrite rules. Then the (monomial) degree of q(x, y) is no more than 10, the degree of p(x, y). Since p(x, y) ≈ q(x, y) must be a consequence of x 22 ≈ x, some calculations show that either p(x, y) or p(y, x) must be a part of q(x, y); but this would not be possible with a terminating set of AC-term rewrite rules.
Generalizing this we suspect that one cannot find AC-term rewrite rules for x n ≈ x if there is a characteristic p such that there is no maximum field of characteristic p satisfying x n ≈ x.
